Abstract. In this article, we investigate deformation problems of Q-curvature on closed Riemannian manifolds. One of the most crucial notions we use is the Q-singular space, which was introduced by Chang-Gursky-Yang during 1990's. Inspired by the early work of Fischer-Marsden, we derived several results about geometry related to Q-curvature. It includes classifications for nonnegative Einstein Q-singular spaces, linearized stability of non-Q-singular spaces and a local rigidity result for flat manifolds with nonnegative Qcurvature. As for global results, we showed that any smooth function can be realized as a Q-curvature on generic Q-flat manifolds, while on the contrary a locally conformally flat metric on n-tori with nonnegative Q-curvature has to be flat. In particular, there is no metric with nonnegative Q-curvature on 4-tori unless it is flat.
Introduction
In the theory of surfaces, the Gauss-Bonnet Theorem is one of the most profound and fundamental results: On the other hand, the Uniformization Theorem assures that any metric on M 2 is locally conformally flat. Thus an interesting question is that whether we can find a scalar type curvature quantity such that it generalizes the classic Gauss-Bonnet Theorem in higher dimensions?
For any closed 4-dimensional Riemannian manifold (M 4 , g), we can define the Q-curvature as follows
which satisfies the Gauss-Bonnet-Chern Formula Here R g , Ric g and W g are scalar curvature, Ricci curvature and Weyl tensor for (M 4 , g) respectively.
In particular, if W g = 0, i.e. (M 4 , g) is locally conformally flat, we have (1.4)
which can be viewed as a generalization of (1.1).
Inspired by Paneitz's work ( [34] ), Branson ([6] ) extended (1.2) and defined the Q-curvature for arbitrary dimension n ≥ 3 to be
where A n = − , B n = − 2 (n−2) 2 and C n = n 2 (n−4)+16(n−1) 8(n−1) 2 (n−2) 2 .
In the study of conformal geometry, there is an 4 th -order differential operator closely related to Q-curvature, called Paneitz operator, which can be viewed as an analogue of conformal Laplacian operator:
where a n = (n−2) 2 +4 2(n−1)(n−2) and b n = − 4 n−2 .
We leave the discussion of conformal covariance of Q-curvature and Paneitz operator in the appendix at the end of the article for readers who are interested in it.
The most fundamental motivation in this article is to seek the connection between Qcurvature and scalar curvature both as scalar-type curvature quantities. Intuitively, they should share some properties in common since both of them are generalizations of Gaussian curvature on surfaces. Of course, as objects in conformal geometry, a lot of successful researches have revealed their profound connections in the past decades. (See the appendix for a brief discussion.) However, when beyond conformal classes there are only very few researches on Q-curvature from the viewpoint of Riemannian geometry. Motivated by the early work of Fischer and Marsden ( [18] ) on the deformation of scalar curvature, we started to consider generic deformation problems of Q-curvature.
In order to study deformations of scalar curvature, the central idea of [18] is to investigate the kernel of L 2 -formal adjoint for the linearization of scalar curvature. To be precise, regard the scalar curvature R(g) as a second-order nonlinear map on the space of all metrics on M, Of course, there are many other interesting examples of vacuum static spaces besides space forms, say S 1 × S 2 etc. The classification problem is a fundamental question in the study of vacuum static spaces, even in the field of mathematical general relativity. We refer the article [37] for readers who are interested in it.
In fact, being vacuum static or not is the criterion to determine whether the scalar curvature is being linearized stable at this given metric. It was shown in [18] that a closed non-vacuum static manifold is linearized stable and hence any smooth function sufficiently close to the scalar curvature of the background metric can be realized as the scalar curvature of a nearby metric. This result was generalized to non-vacuum static domains by Corvino ([13] ). On the other hand, for a vacuum static space, rigidity results are expected. In [18] , authors also showed that there is a local rigidity phenomenon on any torus. Later, Schoen-Yau and 40, 23, 24] ) showed that global rigidity also holds on torus. Inspired by the Positive Mass Theorem, many people made a lot of progress in understanding the rigidity phenomena of vacuum static spaces (c.f. [32, 2, 1, 31, 42, 8] ). It was demonstrated that local rigidity is a universal phenomena in all vacuum static spaces (see [38] ).
Along the same line, we can also consider Q-curvature as a 4
th -order nonlinear map on the space of all metrics on M,
Due to the complexity of Q-curvature, this map is extremely difficult to study. However, by linearizing the map we may still expect some interesting results to hold. We denote
to be the linearization of Q-curvature at metric g.
Now we
give the following notion of Q-singular space introduced by Chang-Gursky-Yang in [10] , which plays a crucial role in this article. Definition 1.1 (Chang-Gursky-Yang [10] ). We say a complete Riemannian manifold
We refer the triple (M, g, f ) as a Q-singular space as well, if f ( ≡ 0) is in the kernel of Γ * g . By direct calculations, we can obtain the precise expression of Γ * g (see Proposition 3.4). Then follow their argument, we observed that the results in [10] for dimension 4 can be extended to any other dimensions:
As in the study of vacuum static spaces, the collection of all Q-singular spaces is also expected to be a "small" set in some sense, which lead us to the classification problems naturally. In fact, when restricted in the class of closed Q-singular Einstein manifolds with nonnegative scalar curvature, Ricci flat and spherical metrics are the only possible ones:
• f is a non-vanishing constant if and only if (M, g) is Ricci flat;
• f is not a constant if and only if (M, g) is isometric to a round sphere with radius r = n(n−1) Rg
For non-Q-singular spaces, we can show that they are actually linearized stable, which answers locally prescribing Q-curvature problem for this category of manifolds: Theorem 1.4. Let (M,ḡ) be a closed Riemannian manifold. Assume (M,ḡ) is not Qsingular, then the Q-curvature is linearized stable atḡ in the sense that Q : M → C ∞ (M) is a submersion atḡ. Thus, there is a neighborhood U ⊂ C ∞ (M) of Qḡ such that for any ψ ∈ U, there exists a metric g on M closed toḡ with Q g = ψ.
In particular, with the aid of Theorem 1.3, we know a generic Einstein metric with positive scalar curvature has to be linearized stable: Corollary 1.5. Let (M,ḡ) be a closed positive Einstein manifold. Assume (M,ḡ) is not spherical, then the Q-curvature is linearized stable atḡ. Theorem 1.4 actually provides an answer to global prescribing Q-curvature problem: Corollary 1.6. Suppose (M,ḡ) is a closed non-Q-singular manifold with vanishing Qcurvature. Then any smooth function ϕ can be realized as a Q-curvature for some metric g on M.
As a direct corollary of Theorem 1.4, we can obtain the existence of a negative Q-curvature metric as the following:
There is a metric g with Q-curvature Q g < 0 on M.
We also investigate the stability of Ricci flat metrics, which are in fact Q-singular. Due to the speciality of such metrics, we can give a sufficient condition for prescribing Q-curvature problem.
to be the set of smooth functions with zero average. Then for any ψ ∈ Φ, there exists a metric g on M such that Q g = ψ.
On the other hand, we are interested in the question of how much the generic stability fails for flat metrics. Applying perturbation analysis, we discovered the positivity of Q-curvature is the obstruction for flat metrics exactly as what scalar curvature means for them. That is, flat metrics are locally rigid for nonnegative Q-curvature. As a special case, we proved a local rigidity result for Q-curvature on torus T n (n ≥ 3), which is similar to the non-existence result of positive scalar curvature metrics on torus due to Schoen-Yau and 40, 23, 24] ). Theorem 1.9. For n ≥ 3, let (M n ,ḡ) be a closed flat Riemannian manifold and g be a metric on M with Q g ≥ 0. Suppose ||g −ḡ|| C 2 (M,ḡ) is sufficiently small, then g is also flat.
As for global rigidity, we have the following interesting result: Theorem 1.10. Suppose g is a locally conformally flat metric on T n with
then g is flat.
In particular, any metric g on T 4 with nonnegative Q-curvature has to be flat.
It would be interesting to compare notions of Q-singular and vacuum static spaces. In fact, we have the following observation: Theorem 1.11. Let M R be the space of all closed vacuum static spaces and M Q be the space of all closed Q-singular spaces. Suppose (M, g, f ) ∈ M R ∩ M Q , then M is Einstein necessarily. In particular, it has to be either Ricci flat or isometric to a round sphere.
This article is organized as follows: We explain some general notations and conventions in Section 2. We then give a characterization of Q-singular spaces and proofs of Theorem 1.2, 1.3 in Section 3. In Section 4, we investigate several stability results, including Theorem 1.4, Corollary 1.5, 1.6, 1.7 and Theorem 1.8. In Section 5, local rigidity of flat metrics, say Theorem 1.9 and 1.10 will be shown. Some relevant results will also be discussed there. In Section 6, we discuss the relation between Q-singular and vacuum static spaces and prove Theorem 1.11 in the end of Section 6. In the end of this article, we provide a brief discussion about conformal properties of Q-curvature and Paneitz operator from the viewpoint of conformal geometry.
Notations and conventions
Throughout this article, we will always assume (M n , g) to be an n-dimensional closed Riemannian manifold (n ≥ 3) unless otherwise stated. Here by closed, we mean compact without boundary. We also take {∂ i } n i=1 to be a local coordinates around certain point.
Hence we also use its components to stand for a tensor or vector in the article. We adopt the following convention for Ricci curvature tensor,
As for Laplacian operator, we simply use the common convention as follow,
Let h, k ∈ S 2 (M), for convenience, we define following operations:
Let X ∈ X (M) and h ∈ S 2 (M), we use the following notations for operators
and
which is the L 2 -formal adjoint of Lie derivative (up to scalar multiple)
Characterizations of Q-singular spaces
Let (M, g) be a Riemannian manifold and {g(t)} t∈(−ε,ε) be a 1-parameter family of metrics on M with g(0) = g and g
We have the following well-known formulae for linearizations of geometric quantities. (c.f. [12, 18 , 43]) Proposition 3.1. The linearization of Christoffel symbol is
The linearization of Ricci tensor is
where the Lichnerowicz Laplacian acting on h is defined to be
and the linearization of scalar curvature is
For simplicity, we use ′ to denote the differentiation with respect to the parameter t and evaluated at t = 0.
Lemma 3.2. The linearization of the Laplacian acting on the scalar curvature is
Proof. Calculating in normal coordinates at an arbitrary point,
Now we can calculate the linearization of Q-curvature (1st variation).
then we finish the proof by combining it with (3.1), (3.3) and (3.4).
Now we can derive the expression of Γ * g and hence the Q-singular equation
Proof. For any compactly supported symmetric 2-tensor h ∈ S 2 (M), we have
And also,
Combining all the equalities above, we have
Corollary 3.5.
Proof. Taking trace of Γ * g f , we have
Here we used the fact that
Combining above calculations, we can justify that Q-curvature is a constant for Q-singular spaces using exactly the same argument in [10] . For the convenience of readers, we include a sketch of the proof as follows. For more details, please refer to [10] . Theorem 3.6 (Chang-Gursky-Yang [10] ). A Q-singular space (M n , g) has constant Qcurvature and n + 4 2
Proof. We only need to show Q g is a constant.
For any smooth vector field X ∈ X on M, we have
Suppose there is an x 0 ∈ M with f (x 0 ) = 0 and dQ g (x 0 ) = 0. By taking derivatives, we can see f vanishes to infinite order at x 0 . i.e.
for any m ≥ 1. Since f also satisfies that
by applying the Carleman estimates of Aronszajn ([3]), we can conclude that f vanishes identically on M. But this contradicts to the fact that g is Q-singular. Therefore, dQ g vanishes on M and thus Q g is a constant. Here we obtain the proof of Theorem 1.2.
Examples of Q-singular spaces.
• Ricci flat spaces Take f to be a nonzero constant, then it satisfies the Q-singular equation.
• Spheres Take f to be the (n + 1) th -coordinate function x n+1 restricted on
Then f satisfies the Hessian type equation
With the aid of the following Lemma 3.7, we can easily check that f satisfies the Q-singular equation.
• Hyperbolic spaces Similarly, if we still take f to be the (n + 1) th -coordinate function x n+1 but restricted on
Then f satisfies the similar Hessian type equation
and hence solves the Q-singular equation. Based on the complexity of the Q-singular equation, one can easily see that it is very difficult to study the geometry of generic Q-singular spaces. However, when restricted to some special classes of Riemannian manifolds we can still get some interesting results of Q-singular spaces.
Lemma 3.7. Let (M, g) be an Einstein manifold and f ∈ ker Γ * g , we have
where
Proof. Since g is Einstein, i.e. Ric = R n g, we get
By assuming f ∈ ker Γ * g , i.e. Γ * g (f ) = 0, when taking trace, we have
Thus,
Now substitute it in the expression of Γ * g f , we have
Bn n
< 0, for any n ≥ 3.
Next we show that a closed Q-singular Einstein manifold with positive scalar curvature has to be spherical:
) be a complete Q-singular Einstein manifold with positive scalar curvature. Then (M n , g) is isometric to the round sphere (S n (r), g S n (r) ), with radius r = n(n−1) Rg 1 2 . Moreover, ker Γ * g is consisted of eigenfunctions of (−∆ g ) associated to λ 1 = Rg n−1 > 0 on S n (r) and hence dim ker Γ * g = n + 1. Proof. Note that Λ n < 0 and Spec(−∆ g ) consisted of nonnegative real numbers, then
Therefore, by Lemma 3.7, we have the following equation
with a nontrivial solution ϕ.
Taking trace, we get
i.e. On the other hand, by Lichnerowicz-Obata's Theorem, the first nonzero eigenvalue of (−∆ g ) satisfies
with equality if and only if (M n , g) is isometric to the round sphere (S n (r), g S n (r) ) with radius
Hence the first part of the theorem follows.
Since Λ n R g ∈ Spec(−∆ g ), it implies that the operator ∆ g + Λ n R g is invertible. On the other hand,
i.e. f is an eigenfunction associated to λ 1 = Rg n−1 . Therefore, ker Γ * g can be identified by the eigenspace associated to the first nonzero eigenvalue λ 1 > 0 of (−∆ g ) on S n (r) and hence dim Γ * g = n + 1.
As for Ricci flat ones, we have:
) is a Q-singular Riemannian manifold. If (M, g) admits an nonzero constant potential f ∈ ker Γ * g , then (M, g) is Q-flat, i.e. the Q-curvature vanishes identically. Furthermore, suppose (M, g) is a closed Q-singular Einstein manifold, then (M, g) is Ricci flat if and only if ker Γ * g is consisted of constant functions. Proof. Without lose of generality, we can assume that 1 ∈ ker Γ * g . We have
which implies that Q g = 0.
Now assume (M, g) is a closed Q-singular Einstein manifold.
We have
Suppose 1 ∈ ker Γ * g , then Q g = 0 and hence
On the other hand, if (M, g, f ) is Ricci flat,
Since M is compact without boundary, f is a nonzero constant on M. For Einstein manifolds with negative scalar curvature, generically they are not Q-singular:
Proposition 3.11. Let (M, g) be a closed Einstein manifold with scalar curvature R < 0.
Proof. For any smooth function f ∈ ker Γ * g , let ϕ := ∆f + Λ n Rf . By Lemma 3.7, we have
Taking trace, ∆ϕ + R n − 1 ϕ = 0.
By assuming Λ n R ∈ Spec(−∆ g ), we conclude that f ≡ 0. That means, ker Γ * g is trivial.
Stability of Q-curvature
In this section, we will discuss the linearized stability of Q-curvature on closed manifolds. As main tools, we need following key results. Proofs can be found in referred articles. 
In particular, take the vector bundle F to be all symmetric 2-tensors S 2 (M), we have
Corollary 4.2 (Canonical decomposition of S 2 ([5, 18])). Let (M, g) be a closed Riemannian manifold, then the space of symmetric 2-tensors can be decomposed into
Another result we need is Theorem 4.6. Let (M,ḡ) be a closed Riemannian manifold. Assume (M,ḡ) is not Qsingular, then the Q-curvature is linearized stable atḡ in the sense that Q : M → C ∞ (M) is a submersion atḡ. Thus, there is a neighborhood U ⊂ C ∞ (M) of Qḡ such that for any ψ ∈ U, there exists a metric g on M closed toḡ with Q g = ψ.
Proof. The principal symbol of Γ *
Thus, σ ξ (Γ * g ) = 0 will imply that ξ = 0. i.e. Γ * g has an injective principal symbol. By the Splitting Theorem 4.1,
g , which implies that Γḡ is surjective, since we assume that (M,ḡ) is not Q-singular, i.e. ker Γ * g = {0}. Therefore, applying the Generalized Implicit Function Theorem (Theorem 4.3), Q maps a neighborhood ofḡ to a neighborhood of Qḡ in C ∞ (M).
As a consequence, we can derive the stability of generic positive Einstein manifolds (Corollary 1.5). For a generic Q-flat manifold, we can prescribe any smooth function such that it is the Q-curvature for some metric on the manifold (Corollary 1.6). Proof. Since (M,ḡ) is non-Q-singular, applying Theorem 1.4, as a nonlinear map, Q maps a neighborhood of the metricḡ to a neighborhood of Qḡ = 0 in C ∞ (M). Thus there exists an ε 0 > 0 such that for any smooth function ψ with ||ψ|| C ∞ (M ) < ε 0 , we can find a smooth metric g ψ closed toḡ with Q g ψ = ψ. Now for any nontrivial ϕ ∈ C ∞ (M), letφ := u ε 0 ,ϕ ϕ, where
||φ|| C ∞ (M ) < ε 0 and hence there is a metric gφ closed toḡ such that Q gφ =φ. Let
then we have
Now we can prove the Corollary 1.7. There is a metric g with Q-curvature Q g < 0 on M.
Proof. By Matsuo's theorem (see Corollary 2 in [30] ), on a closed manifold M with dimension n ≥ 3 and positive Yamabe invariant, there exists a metric g with scalar curvature R g = 0 but Ric g ≡ 0 on M. Thus the Q-curvature satisfies
If |Ric g | > 0 pointwisely, then Q g < 0 on M. Otherwise, there is a point p ∈ M such that |Ric g (p)| 2 = 0 and hence Q g is not a constant on M. This implies that the metric g is not Q-singular. Therefore, by Theorem 1.4, we can perturb the metric g to obtain a metric with strictly negative Q-curvature. This gives the conclusion.
For the Ricci flat case, we have a better result since we can identify ker Γ * g with constants. Theorem 4.10. Let (M,ḡ) be a closed Ricci flat Manifold. Denote
Proof. In the proof of Theorem 1.4, we have showed that the principal symbol of Γ * g is injective and the decomposition
On the other hand, by Theorem 3.9, ker Γ * g is consisted by constant functions and hence Im Γḡ = Φ. By identifying Φ with its tangent space, we can see the map Q is a submersion at g with respect to Φ. Therefore, by Generalized Inverse Function Theorem (Theorem 4.3), we have the local surjectivity. That is, there exists a neighborhood ofḡ, say Uḡ ⊂ M and a neighborhood of 0,
, where g → Q g is a map. Now for any ψ ∈ Φ, let r > 0 be a sufficiently large constant such that Similarly, we can also give an answer to the prescribing Q-curvature problem near the standard spherical metric by noticing the fact that ker Γ * g = E λ 1 from Theorem 3.8:
Theorem 4.11. Let (S n ,ḡ) be the standard unit sphere and E λ 1 be the eigenspace of (−∆ g ) associated to the first nonzero eigenvalue λ 1 = n. Then for any ψ ∈ E ⊥ λ 1 with ||ψ − Qḡ|| C ∞ (S n ,ḡ) sufficiently small, there exists a metric g nearḡ such that Q g = ψ.
Rigidity Phenomena of Flat manifolds
Let (M, g) be a closed Riemannian manifold. Consider a deformation of (M, g), g(t) = g + th, t ∈ (−ε, ε).
We have calculated the first variation of Q-curvature (see equation (3.5) ). In order to study the local rigidity of Q-curvature, we are going to calculate the second variation of Q-curvature.
First, we recall the following well known 2 nd -variation formulae, which can be found in [18] . For detailed calculations, we refer to the appendices of [43].
Proposition 5.1. We have the following 2 nd -variation formulae for metrics,
(g(t)) ij = 0, (5.1) and
Also for Christoffel Symbols,
where Ric ′ , Ric ′′ ; R ′ , R ′′ are the first and second variations of Ricci tensor and scalar curvature at g respectively.
Proof. Choose normal coordinates at any point
by substituting the expression of Γ
Also,
We prove the lemma by combining all three parts together.
Simply by taking Ric = 0 and R = 0, we get the second variation for Q-curvature at a Ricci flat metric. Corollary 5.3. Suppose the metric g is Ricci flat, then
Consider the functional
Note that here we fix the volume form to be the one associated to the Q-singular metricḡ.
Remark 5.4. The analogous functional
plays a fundamental role in studying rigidity phenomena of vacuum static spaces (c.f. [18, 8, 38] , etc.).
Lemma 5.5. The metricḡ is a critical point of the functional F (g).
Proof. For any symmetric 2-tensor h ∈ S 2 , let g(t) =ḡ + th, t ∈ (−ε, ε) be a family of metrics on M. clearly, g(0) =ḡ and g
i.e.ḡ is a critical point for the functional F (g).
Furthermore, if we assumeḡ is a flat metric, by Theorem 3.9, we can take f to be a nonzero constant. In particular, we can take f ≡ 1, since Q-singular equation is a linear equations system with respect to f . Lemma 5.6. Letḡ be a flat metric and f ≡ 1. Suppose δh = 0, then the second variation of F atḡ is given by 
Proof. With the aid of Corollary 5.3, we have d
where the last step is due to the assumptions ofḡ being a flat metric and divergence-free property of h.
For exact the same reasons, by Proposition 3.1, we have
This gives the equation we claimed.
Now we are ready to prove Theorem 1.9.
Theorem 5.7. For n ≥ 3, let (M n ,ḡ) be a closed flat Riemannian manifold and g be a metric on M with Q g ≥ 0. Suppose ||g −ḡ|| C 2 (M,ḡ) is sufficiently small, then g is also flat.
Proof. Since g is C 2 -closed toḡ, by the Slice Theorem (Theorem 4.4), there exists a diffeomorphism ϕ ∈ D(M) such that h := ϕ * g −ḡ is divergence free with respect toḡ and
where N > 0 is a constant only depends on (M,ḡ).
Apply Lemma 5.6, we can expand F (ϕ * g) atḡ as follows,
Under the same coordinates, Christoffel symbols of ϕ * g are
on U p , since h is parallel with respect toḡ.
Thus the Riemann curvature tensor of ϕ * g vanishes identically on U p for any p ∈ M, which implies that the metric ϕ * g is flat and so is g.
Remark 5.8. Fischer and Marsden proved an analogous result for the scalar curvature. (see [18] )
As an application, we can get the local rigidity of Q-curvature on compact domain of R n , which can be thought as an analogue of rigidity part of Positive Mass Theorem.
Corollary 5.9. Suppose Ω ⊂ R n is a compactly contained domain. Let δ be the flat metric and g be a metric on R n satisfying
is sufficiently small; then g is also flat.
Proof. Since Ω is compactly contained in R n , we can choose a rectangle domain Ω ′ which contains Ω strictly. Thus, the metric g is identically the same as the Euclidean metric on Ω ′ − Ω. Now we can derive a metric with nonnegative Q-curvature on the torus T n by identifying the boundary of Ω ′ correspondingly. Clearly, this new metric on T n is C 2 -closed to the flat metric, hence has to be flat by Theorem 1.9. Now the claim follows.
It would be interesting to ask whether there is a global rigidity result for Q-curvature. No result is known so far to the best of authors' knowledge, but we observed that the global rigidity holds in some special cases. Proof. For n = 4, by the assumptions, there exists a smooth function u such that g = e 2uḡ , whereḡ is a Ricci flat metric on M. By (A.9) in the appendix, we have
Hence ∆ḡu is subharmonic on M which implies that u is a constant. Therefore, g is also Ricci flat.
Similarly, for n = 4, there exists a positive function u > 0 such that g = u 4 n−4ḡ , whereḡ is a Ricci flat metric on M. Then by (A.11),
For n = 3, we have ∆ 2 g u ≤ 0, and for n > 4, ∆ 2 g u ≥ 0, which imply that u is a constant in both cases and thus g is Ricci flat.
In particular, we can consider tori T n . First, we need a lemma which characterizes the conformally flat structure on T n .
Lemma 5.11. On the torus T n , any locally conformally flat metric has to be conformal to a flat metric.
Proof. Let g be a locally conformally flat Riemannian metric on T n . According to the solution of Yamabe problem, g is conformal to a metricḡ, whose scalar curvature is a constant.
Suppose Rḡ < 0, by Proposition 1.2 in [41], the fundamental group of T n is non-amenable. But this contradicts to the fact that π 1 (T n ) is abelian, which is amenable. Thus, Rḡ ≥ 0, which implies thatḡ is flat by famous results of Schoen-Yau and 40, 23, 24] ). Now we can derive the rigidity of tori with respect to nonnegative Q-curvature (Theorem 1.10):
Theorem 5.12. Suppose g is a locally conformally flat metric on T n with
Proof. By Lemma 5.11, we can see that g is conformal to a flat metric. Applying Proposition 5.10, we conclude that g has to be flat. In particular for T 4 , we have the Gauss-Bonnet-Chern formula,
Thus the non-negativity of Q-curvature automatically implies that Weyl tensor W g vanishes identically on T 4 , which means g is locally conformally flat. Therefore, g is flat by the previous argument.
As for dimension 3, we have the following result.
Proposition 5.13. The 3-dimensional torus T 3 does not admit a metric with constant scalar curvature and nonnegative Q-curvature, unless it is flat.
Proof. Suppose such a metric g exists, its scalar curvature is non-positive and it is flat only if R g = 0 (c.f. [39, 40, 23, 24] ).
If it is non-flat, without loss of generality, we can assume
Appendix A. Conformal covariance of Q-curvature and Paneitz operator
In this appendix, we will give a brief introduction to Q-curvature and Paneitz operator from the viewpoint of conformal geometry.
Let (M 2 , g) be a 2-dimensional Riemannian surface. Consider the conformal metricg = e 2u g. A simple calculation shows that the Laplacian-Beltrami operator is in fact conformally covariant:
And Gaussian curvature satisfies
For n ≥ 3, a second order differential operator called conformal Laplacian associated to a Riemannian metric g is defined as
If we takeg = u 4 n−2 g, u > 0, to be a metric conformal to g, then (A.4)
n−2 L g (uφ) for any φ ∈ C 2 (M). Hence L g can be thought as a higher dimensional analogue of the Laplacian-Beltrami operator on surfaces. By taking φ ≡ 1, the scalar curvature can be calculated as follows:
As a generalization, we seek for a higher order operator which satisfies the similar transformation law. In [34] , Paneitz introduced a 4 th -order differential operator P g (people call it Paneitz operator now) for any dimension n ≥ 3. Shortly after, Branson ([6] ) realized that the 0 th -order term in Paneitz operator actually can be defined as a generalization of Q-curvature for dimensions n = 4:
where A n = − , B n = − 2 (n−2) 2 and C n = n 2 (n−4)+16(n−1) 8(n−1) 2 (n−2) 2 . Thus Paneitz operator can be rewritten as
where a n = (n−2) 2 +4 2(n−1)(n−2) and b n = − 4 n−2 . In fact, when n = 4, letg = e 2u g be a conformal metric, then the Paneitz operator follows similar transformation law as Laplacian-Beltrami operator on surfaces: In fact, Paneitz operator is a higher order analogue of conformal Laplacian.
Based on the similarity between Q-curvature and scalar curvature, one can consider a Yamabe-type problem for Q-curvature: seeking for constant Q-curvature metrics in a given conformal class. Many people have contributed to this problem or related problems under different geometric assumptions.
In particular for closed 4-manifolds, one of the significance for Q-curvature is that the total Q-curvature is a conformal invariant. Indeed, according to ( [20, 21] ), Paneitz operator P g and total Q-curvature together can provide us some geometric information about manifolds. Thus under some geometric conditions, the existence of constant Q-curvature metric can be obtained (c.f. [11, 15, 28] ).
As for dimensions other than four, different approaches were applied due to the lack of a maximum principle. One of the approaches is to understand the relation among Q-curvature equations, Green's function of Paneitz operator and certain geometric invariants. We refer to [36, 29, 25, 26, 27, 22] for readers who are interested in it. 
